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HaruhikoOgasawara
ThisnotewasfitstwrittenassectionsofOgasawara(2002).
Here,however,thenoteispublishedasanindependentarticledueto
thespacelimitationofthejournalinwhichOgasawara(2002)was
published.Theequationnumberswithouttheprefix`A'inthis
articlearethoseofOgasawara(2002).
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1・Theindependence・ftheestimati・n・fθ。andaC・V(e。)血・m
thatofD
Letθ,、betheゴ ーthelement・fβ。in(9),then 、
・(岬=9t・{?論{謬ゐ2脇
ガ)}
=n(δ
び+ρ"ρ")/d、,dガ ・
(ちプ=1,_,P),
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・(d,、・θ、j)=号廿卿 羅 郷 蓋斗
一n(P-'・P/∂θ
,」)・砿 ・(A1)
(i=1,_,P;ノ=1,_,1),
・(α'・の=雪暢 諾 〕・
(ちノ=1,_,1),
whereδ 、ノistheKroneckerdelta,、ρ ノ=(P)iJ,,ρ"=(P-1)i、andl
isthedimensionof61p.From(Al)
・一[e"9
,][1・・ 。1。・ ゐP][e"9,](A2)
fbllows,where
(1**)iノ=n(δ、ノ+ρ,ノρ'ノ),(ちプ ニ1,…,、ρ),
(1.ρ)iノ=n(p『i∂P/∂θρノ)ii,(i=1,_,、p;プ=1,_,1),
(1。。)、-1(θ 。,,θm・),(i,プー1,…,1),(A3)
1。・=(1。ρ)'・
From(A3)weseethatthesubmatricesl**,1。ρ,1ρ。and1,,donot
dependonI).
SubstitUting(A2)forIin(7)andnotingthatDhasnorestriction
and1(の=Z(θ 。)=Ω,wehave
11'=
×
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wheremisthedimensi・n・fZ(¢).Obvi・usly,thesubmatrices
1**,1P*(=(プρ),)andIρPdonotdependonD.Sinceバ
ac・V(¢)=1ρρ,(A5)バ
e。andaC・V(θ一ρ)canbeestimatedindependently・fD.Actually,
塗。andaCδV(Aθ一 ρ)a・e・btainedfr・masamplec・rrelati・nmatrix。
2.Restrictionsforparameters
Inthecaseofexploratorysecond-ordercomponentanalysisfbr
unstandardizedmanifestvariables,therestriction1(の=Ωconsists
ofthefbllowingsevensubvectors:
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Z(θ)=(Zl㌧Z、',_,乙,')』Ω.(A6)
Thefirstrestrictionis
ZI((pi-Pi)×1)-v・(Alt∂争i2k4)σ)-Q・(A7a)
whichcomesfromtheconditionthatthefirst-ordercomponent
loadingmatrixノ望、optimizesanobliquerotationcriterion.h、(ノ1,)
ユ
(Jennrich,1973).Theoperatorvo(・)vectorizesthep、一一p、off-
diagonalelementsofthepi×、ρ1parenthesizedmatrixinacolumn.
Theactualexpressionof(A7a)fbrtherawdirectobliminsolution
wasgivenbyJennrich(1973).Forobliquerotationmethodswith
Kaiser'snormalization,seeOgasawara(2000).
Thesecondrestrictionis
Z、(P、P、×1)=vec(A,'A、)=Ω,(A7b)
whichisassociatedwiththecolumnwiseorthogonalitybetween.A,
andA,regardlessoftherotationmethodsinthefirst-order
components.Thevec(・)operatorvectorizesamatrixinparentheses
bystackingitscolumnsoneafteranotherassubvectorsofacolumn
vector.
Thethirdrestrictionis
Z,((P:-P、)/2×1)=vb(A、,A、)=Ω.(A7c)
Thisrestrictioncorrespondstotheconditionthattheloadingsofthe
lastp、unrotatedminorcomponentsarecolumnwiseorthogonal,that
is,theoff」diagonalelementsof/12,ノ12arezero.Theoperator
vb(・)vectorizestheoff-diagonalelementsbelowthediagonal
elementsoftheparenthesizedmatrixinacolumn.
Thef()urthrestrictionis
互、(」ρ、×1)={Diag(、B,rBI'+B2、B2,)}1,、-1,、=Ω,(A7d)
wherel
p、(p、×1)=(1,1,_,1)㌧whichcorrespondstothecondition
thatΦisacorrelationmatrixorequivalently,thatthevariancesof
thefirst-ordercomponentsaresettoone.
Thefifthrestriction(A7e)isasfbllows.
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i)Wheng、=1,thefifthrestrictionshouldbeomitted:theloadingsof
thesecond-ordercomponent.areidentifiedwithoutrestriction.
(A7ei)
ii)「Whengr1>landB、isunrotated,
1,((ql--q,)/2×1)=vb(B,,B,)=Ω,(A7eii)
whichcorrespondstotheconditionthatthecolumnsof、B、are
orthogonal.
iii)When(1、>1andB、isorthogonallyrotated,
Z・((ql-q,)/2x1)-vb(B1響)一響 β1)-Q・
(A7eiii)
whichcomes丘omtheconditionof」Bloptimizinganorthogonal
rotationcriterion乃わ(B1)(Archer&Jennrich,1973).Theactual
expressionsfbrZshavebeenshownbyArcherandJennrich(1973)
andOgasawara(1996)fbrtheraworthomaxsolutionandthe
o曲omaxsolutionwithKaiser'snormalization,respectively.
iv)When(11>land、Blisobliquelyrotated,
E・((ql-q,)×1)-V・(B,,∂告 痔1)r1)-Q・(A7eiv)
whichisderived丘omtheconditionthat」Bloptimizesanoblique
rotationcriterion乃。(B,)andissimilartotherestrictionZ、=Ωf()r
thefirst-orderloadingmatrix∠{1.
Thesixthrestrictionis
Z、(9,q、×1)=vec(、B1'B、)=Ω,(A7D
whichcorrespondstotheconditionthatthecolumnsofB,are
orthogonaltothoseofB2regardlessofrotationmethodsinthe
second-ordercomponentsandtakesa.formsimilarto1、=Ω.
Theseventhrestrictionis
Z7((gi-q、)/2×1)=vb(B、,B、)=Ω,(A79)
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whichistherestrictiontoremovetherotationalindetemiinacyfor
B、'andissimilartotherestrictionZ,=Ωinformforthefirst-order
componentloadingmatrixA2.
Atfirstsight,theaboverestrictionsappearcomplicated.
However,theycanbedividedintotwogroupsinthefbllowingway.
Therestrictions(A7a-c)arethosefbrthefirst-ordercomponent
analysis.Thetotalnumberoftheserestrictionsbecomes
pi-Pi+〃 、+(P:-P、)/2=(P2-P)/2+(pi-Pi)/2.
(A8)
Theparametermatricesinthefirst-ordercomponentanalysiswithout
decomposingthecorrelationmatrixofthefirst-ordercomponentsare
AandΦwithP2and(Pi-Pi)/2parameters,respective豆y.Thus,
with・utthedec・mp・siti・n・fΦwehaveP2+(Pi-Pi)/2
parameters.Thenumberofindependentparametersinthefirst-
orderanalysisisthenumberoftheparametersminusthenumberof
reStrlCtlOnS,1.e.,
p2+(1フi-」ρ1)/2-{(p2-p)/2+(pi-Pi)/2}=(、ρ2+p)/2
(A9)
whichisequivalenttothenumberoftheindependentparametersin
unrestrictedΣ.
Ontheotherhand,therestrictionsof(A7d-g)arethosefbrthe
second-ordercomponentanalysis.Thenumbersoftherestrictions
inthesecond-orderanalysisdependonthecasesofrestrictionsin
(A7e),thatis,(n・tethatwhenq、=1,9i-q1=Of・・(A7ei)),
i)ii)iii)
Pi+(gi-g・1)/2+g,(12+(qi-g・2)/2=p1+(ρ1-1フ1)/2
、(A10)=(P、+1フ1)/2,
Pl+(qi-9,)+q,9、+(q:-q、)/2=ρ,+(ρ1-Pi)/2+(gl-9,)/2iv)
=(pi+Pi)/2+(ql-9,)/2.
Thenumberofparametersinthesecond-orderanalysisdependson
whetherrcontainsnon-fixedparameter(s)ornot.Notingthat
sincewehavepiand((7i-(7、)/2parametersfbrBandr,
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respectively,whenrisnotanidentitymatrix,wehavethefbllowing
numbersofparametersinthesecond-orderanalysisl
i)ii)iii)1フそ,
iv)pi+(ql-q,)/2.(All)
From(A10)and(A11),thenumberofindependentparametersinthe
second-ordercomponentanalysisis
(pi-Pl)/2,(A12)
whichisequivalenttothenumberoftheindependentparametersin
theunstm,cturedconelationmatrixΦinthefirst-ordercomponent
analysis.
WenowconsiderthenumberoftherestrictionssimultaneousIy
inthefirst-andsecond-ordercomponentanalyses.From(A8)and
(A10)thetotalnumbersoftherestrictionsare
i)ii)iii)
(P2-P)/2+(pi-Pi)/2+(pl+P1)/2=(P2-P)/2+pi(Al3)
.(1ワ2-1フ)/2+(pl-1フ1)/2+(ρi+」1)/2+(gl-q1)/2
1v)
一(P2-P)/2+pi+(gl-q1)/2.
Ontheotherhand,thetotalnumbersofparametersare
　 　
i)ii)iii)」ρ+」ρ1,
iv)」 ρ2+」ρi+(qi-(11)/2,(Al4)
sincewehavep2,Aand(9i-91)/2n・n-fixedn・n-duplicated
parametersfbrA,Bandr,respectively.Thenumberof
independentparameters,whichisobtainedbysubtractingthe
numbersin(A13)fromthecorrespondingnumbersin(Al4),gives
thecommonvalue(P2+P)/2,whichisagainequivalenttothatfbr
unrestrictedΣ。
Thenumberofrowsorcolumnsinムisthenumberofthe
parameters(Al3)plusthatoftherestrictions(A14),i,e.,
i)ii)iii)
(P2-P)/2+1フ1+P2+pi=(3P2-P)/2+2pl(A15)
ヱ24
iv)
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theparametersin(A7)asthoseinP
WehavenorestrictionfbrD,whilefbrPweshouldimposethe
fbllowingadditionalrestrictionontheparameters旦:
Z、(P・1)一(DiagP)1。一lp
-{Diag(A
,(B,rB,'+B、B、')A,,+A、A,')}1。-1。-9,(A16)
whererislqifbrtheunrotatedororthogonallyrotatedcases.The
aboverestrictioncomes丘omtheconditionthatPisacorrelation
matrix.From(A6),(A7)and(A16),thewholerestrictionsfbrthe
modelofstandardizedmanifestvariablesbecome
Z(θ)=Z(旦)=(Zit,zi,…,1,')'ニΩ.(Al7)
Theprestrictionsin(A16)correspondtotheaddedparameters
d1、,_,d,,whichwerenotpresentinthemodelofunstandardized
manifestvariables.Therefbre,thenumberofindependent
parameters(P2+P)/2isunchanged,whilethesizesof1.bcome
i)ii)iii)
3(p2+、ρ)/2+2、ρi,
iv)3(p2+p)/2+2pi+ql-q、,(A18)
whichareIargerthanthoseil1(A15)by2p,respectively.
(P2-P)/2+pi+(gl-9、)/2+P2+pi+(gi-一.9,)/2
=(3」ρ2-p)/2+2」ρi+(7i-g・、.
Forthemodelofstandardizedmanifestvariables,ifweregard
thesamerestrictionsfbllow.,
3.Partialderivativesoft血ereistrictionsinthesecond_order
componentaRalysis
(a)F。,Zl-v。G1-v。(A,'∂扁)Φ 一1)一Ω,th,,e、ultswith∂
.41
respecttoA、dependontheformsofh。(A,)(seee.g.,Jennrich,
1973).SinceΦ=B,rB,'+」B、B,',wehavethef・II・wing
resultsfbr、Bandr,
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∂9・
・ 一 一(A
,,∂h・(Ai)Φ 一1(、,,rB,,+B,r、ts)σ ・)。,∂A
、∂b、s、
(ちノ,s=1,...,P1;t=1,_,91),
∂91
・ 一 一(A
1'∂乃 ・ω Φ 一1(、s,B、,+B、ts)Φ1)。,∂
.4、∂ ろ、、,
(ちノ,s=1,_,Pi;t=1,...,9、),
∂91
η= 一(A
,,∂扁)Φ 一1B,(、st+ム)B,,Φ 一1)。,∂A
、∂ γ 。,
(i,ノ=1,_,P,;9,≧s>t≧1),
whereglり=(G,)ij,
(b)ForZ、=vecG、=vec(∠4,㌧42),
∂9、 、ノ=δ
,、a、,ノ,(ちt=1,_,、ρ1;5「=1,…,P;ノ=1,… ・P、)・∂
a1,、
絵 一6itai,i)(∫-1・… ・Pi;s=1・… ・P;ノ・t-1・… ・P・)・
where9、,ノ=(G・)1、・
(、)F。rZ、=vbG、=vb(A、'A、),
霧ll一δ幽+6i,a2.i,
(P、≧i>ノ ≧1;s=1,_,P;t=1,…,P、),
where9,。=(G・)。・
z、=(Di・gG・)1,1--1,、
(d)Fo「={Di・g(B
,rB、1+B、B2t)}H,-Pl-Pl
ヱ25
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∂9、 ii=2δ 、 (」B,r)it,(ち3=1,_,Pi;t=1,...,(11),∂b
、st
∂94 i、=2δ
、、b2it,(i,s=1,_,、ρ1;t=1,_,92),∂
ゐ 、、、
∂9、ii
=2bii。bi、t,(ゴ=1,_,Pi;9,≧s>t≧1),∂
7、t
where94 、ゴ=(G4)iゴ.
(e)i)When(1、=1,therestrictionZ,=Ωcanbeomitted.
ii)Whenq1>1andBlisunr・tated,Z,=vbG,=vb(B,'B,)
and
∂95,ノ=δ
、tbi、ノ+δ ノ,b,、、,(gl≧i>ブ ≧1;5・=1,_,1ワ1;t=1,_,g,),∂b
、st
whereg,、ノ=(σ ・)。・
iii)When(1、>1and、B,isorthogonallyrotated,
15-vbG・-vb(,∂h、(B、B1∂B
、)一響 ム)・
Theresultsdependonthe鉛 ㎜sofhう(B,)(seee.g.,Archer&
Jennrich,1973;Ogasawara,1996).
iv)WhengF1>1and、B,isobliquelyrotated,
∂h。(、B,)
rl).See(a).Notethatriniv)isanZ5=VO(B1,∂
、B、
unrestrictedcorrelationmatrix.
①F・ ・Z、=vecG、=vec(B,'B、),
∂96
、∫
=δ
、,b、。ノ,(i,t=1,_,(71;s=1,_,p1;ノ=1,_,g・2),∂b
、、t
∂96
,ノ
=δ
ノtb、、i,(i=1,_,91;s=1,_,P1;ノ,t=・1,_,9・2),∂ ゐ
、、,
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wh・・e9、、ノ=(G・)、ノ.
(9)F・rZ,=vbG,=vb(B、,、8、),
絵1-6・ ・b・」+6・'・b・…(q2≧i>ノ ≧1;5-1・… ・Pi;t-1・… ・e・)・
whe・eg,。=(G,)ゲ
(h)For1,={Diag(A,(B、rB、,+B、B、,)A、,+ノ12A,,)}1P-一1P
∂ ρ.、
=2δ, 。(A,(D)、,,(ちs=1,_,P;t=1,_,Pi),∂
α1,,
∂ ρ 、
=2δ 、,α2ゴ,,(i,s=1,...,」ρ;t=1,_,」0、),∂
α 、。、
∂ ρ .、
=2ai、。(ノ1,B,r)it,(i=1,...,P;s=1,_,1フ1;t=1,_,(11),∂b
、、,
∂ρ .、
r2aii。,(ノ41」B2)、,,(i=1,...,、ρ;s=1,...,、ρ1;t=1,..。,g2),∂ゐ
、、,
∂ρ .、
=2(ノ4,B,)、。(ノ4、B,)it,(i=1,_,1フ;(1、≧s>t≧1).∂
γ 。,
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